
PHYSICAL REVIEW E JANUARY 2000VOLUME 61, NUMBER 1
Surface-induced ordering in thin uniaxial liquid crystal films

Hyunbum Jang and Malcolm J. Grimson
Department of Physics, University of Auckland, Auckland, New Zealand
~Received 3 May 1999; revised manuscript received 23 August 1999!

The interface localization transition in thin uniaxial liquid crystal films with competing surface fields has
been studied using Metropolis Monte Carlo simulations. The model is constructed from a lattice of continu-
ously orientable interacting spins, and the Hamiltonian contains both bilinear and biquadratic contributions.
The biquadratic contribution to the Hamiltonian is familiar from the Lebwohl-Lasher model, and accounts for
the particle anisotropy in a liquid crystal. The head-tail asymmetry of the molecules in a uniaxial liquid crystal
is taken into account through a bilinear contribution familiar from the classical ferromagnetic Heisenberg
model with exchange anisotropyL. The critical temperatureTc , characterizing the interface localization
transition within the uniaxial liquid crystal film, depends strongly on the relative magnitudes of the bilinear and
biquadratic interactions between the spins. For systems dominated by the biquadratic interaction,Tc is found
to be close to the bulk critical temperature of the system. But as the biquadratic interaction strength is reduced,
Tc departs markedly from the bulk critical temperature of the system.

PACS number~s!: 64.70.Md, 75.40.Mg, 75.10.Hk, 75.40.Cx
tic
an
ro

n
ve
a
at
pin
tin
re
ll

se
di
n

io
g
th
ha

id
tio
in
e

dif
is
-

m
–d
-

in
d

de

or-
tial

id.
n be

be-
om
ap-
-

tial
tic-
d in

ori-
uffi-
ori-
tic-
eter
cu-
of

the
ori-
he
the
ec-

ad-
A
id
tro-

ted
iliar
m.

nal
-
ex-
sses
I. INTRODUCTION

The interface localization transition in thin ferromagne
films with competing surfaces has been the subject of m
recent investigations. Extensive studies of the Ising fer
magnet by Binder and co-workers@1–4# distinguished the
nature of this transition from the bulk phase transition a
the wetting transition observed in thin films with cooperati
surface fields. Both the Ising and Heisenberg models h
been widely used to model the magnetic properties of m
rials. In the classical Heisenberg model, the magnetic s
can rotate through all possible orientations, and this dis
guishes it from the Ising model, in which the spins are
stricted to orientations along a particular axis, conventiona
denoted as thez axis. For thin ferromagnetic films, the pha
behavior of the Heisenberg spin system has been stu
under the action of competing surface fields with differe
types of model anisotropy@5,6#. For sufficiently large values
of the anisotropies, the characteristic interface localizat
transition of thin ferromagnetic Ising films with competin
surface fields is recovered. But for small anisotropies
phase behavior of the thin ferromagnetic Heisenberg film
a markedly different character.

The role of surface effects in the physics of nematic liqu
crystals is of great significance because of their applica
in the thin visual display cells. The presence of bound
surfaces promotes competing types of molecular alignm
between surface and bulk that provide a capacity to mo
the orientation of the nematic axis. Conventionally one d
tinguishes between parallel~or random planar or homoge
neous! and perpendicular~or homeotopic! forms of surface
alignment, and most theoretical studies of thin nematic fil
with surface alignment centered on the use of Landau
Gennes theory@7#. Simulation studies have primarily fo
cused on films with free surfaces and no surface fields@8#.
However, Chiccoliet al. @9# recently performed a Monte
Carlo simulation study of the topological defects in th
nematic films with hybrid boundary conditions. These stu
ies used a lattice spin model, the Lebwohl-Lasher mo
PRE 611063-651X/2000/61~1!/511~8!/$15.00
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confined between two surfaces, one of which favored a n
mal spin alignment while the other preferred a tangen
orientation of the spins.

The Lebwohl-Lasher model@10# is a lattice spin version
of the famous Maier-Saupe model of an anisotropic liqu
The molecules are represented by headless spins that ca
viewed as rodlike anisotropic particles, and the coupling
tween translational and orientational degrees of freed
present in a real nematogen are neglected. Thus it is an
propriate model for orientational ordering in a solid. How
ever, it is believed that the model still reveals the essen
transitional properties of liquid crystals near the nema
isotropic phase transition, and it has been extensively use
computer simulation studies of liquid crystals@11–18#. At
high temperatures, the spins rotate through all possible
entations, and the system is an isotropic state. But at s
ciently low temperatures the spins display a spontaneous
entational ordering. The order parameter for the nema
isotropic phase transition is the orientational order param
^P2&. This measures the degree of orientation of the mole
lar axes along the director, which is the preferred direction
orientation. As a result of the continuous degeneracy of
nematic ordering in the absence of an external field, the
entation of the director varies during the simulation. T
orientation of the director can however be pinned by
application of a one-body external field that aligns the dir
tor parallel to the field@12,13#.

The molecules of a uniaxial liquid crystal possess a he
tail asymmetry in addition to their rodlike anisotropy.
simple model to investigate the physics of uniaxial liqu
crystals, based on the Lebwohl-Lasher model, was in
duced by Biscariniet al. @15,16#, in which the biquadratic
interaction of the Lebwohl-Lasher model was supplemen
by a bilinear exchange interaction between the spins fam
from the classical Heisenberg model of ferromagnetis
Such a model was first introduced to study orientatio
phase transitions in molecular crystals@19#, and has also pre
viously been applied to magnetic systems in which the
change interaction between the magnetic spins posse
511 ©2000 The American Physical Society
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512 PRE 61HYUNBUM JANG AND MALCOLM J. GRIMSON
‘‘quadropolar’’ as well as ‘‘dipolar’’ characteristics@20#. In
the Lebwohl-Lasher model, the biquadratic interaction fav
a parallel alignment of the spins in a preferable direct
below a critical temperatureTc

N . At high temperatures the
spin orientation is isotropic. In the absence of an exter
field the classical Heisenberg model only displays a spo
neous nonzero magnetization at zero temperature. Howe
if a sufficiently large bilinear exchange anisotropy is i
cluded in the Hamiltonian for the Heisenberg model, Isin
like behavior is recovered in which the spins order spon
neously below a critical temperatureTc

F even in the absenc
of an external field.

This paper investigates the phase behavior of thin unia
liquid crystal films with competing surface fields. In Sec. II
full description of the model is given and the details of t
Monte Carlo simulation method are presented. The dep
dence of the equilibrium phase behavior of the film on
strength of the biquadratic interaction is studied in Sec.
while the corresponding order parameter structures in
film are discussed in Sec. IV. The temperature dependenc
the interface localization transition is investigated in Sec
and the paper concludes with a summary of the key findi
in Sec. VI.

II. MODEL

Krieger and James@19# introduced a lattice spin mode
defined by the Hamiltonian

HKJ52(
^ i , j &

@J~Si•Sj !2«~Si•Sj !
2# ~1!

to describe the successive orientational transitions in mole
lar crystals. In the Hamiltonian~1!, Si5(Si

x ,Si
y ,Si

z) is a unit
vector representing thei th spin, and the notation̂i,j& means
that the sum is restricted to nearest-neighbor pairs of sp
The coupling constantsJ and« characterize the magnitude
of the bilinear and biquadratic exchange interactions betw
the spins respectively. WhenJ50 and«Þ0, the model re-
duces to the Lebwohl-Lasher model@10#, and the system
displays nematic order below a critical temperatureTc /« in
which the spins spontaneously orient in a preferred direc
termed the director. However, in the absence of any exte
field, the orientation of the director is not fixed in space d
to the fluctuation in the spin orientations. When«50 and
JÞ0, the model reduces to the familiar classical Heisenb
model of magnetism, and for ferromagnetismJ.0. When
both JÞ0 and «Þ0, the model has been used to descr
uniaxial liquid crystals in which ferroelectric and antiferr
electric ordering are both possible@15,16#. The molecules of
a uniaxial liquid crystal are characterized by a head-
asymmetry, and hence a short ranged bilinear interac
supplements the biquadratic spin-spin interaction of
Lebwohl-Lasher model.

This paper focusses on a lattice spin model with a gen
alization of the Krieger-James Hamiltonian~1! that allows
for anisotropy of the bilinear exchange interaction with

H052(
^ i , j &

$J@~12L!~Si
xSj

x1Si
ySj

y!1Si
zSj

z#2«~Si•Sj !
2%,

~2!
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where L is the exchange anisotropy which determines
strength of the bilinear exchange interaction of thex and y
components of the spin. When«50 andL50, the model
reduces to the familiar classical Heisenberg model of m
netism.

The system under consideration here is a thr
dimensional thin uniaxial liquid crystal film of finite thick
nessD under the action of competing surface fields w
Hamiltonian

H5H02 (
i Psurface 1

H1•Si2 (
i Psurface D

HD•Si , ~3!

whereH1 andHD are the applied surface fields. We consid
a simple cubic lattice of sizeL3L3D, in units of the lattice
spacing, and apply periodic boundary condition in thex and
y directions. Free boundary conditions are applied in thz
direction which is of finite thicknessD. The system is subjec
to competing surface fields applied a layern51 andn5D of
the film with

H15hẑd i1 , ~4!

HD52hẑd iD , ~5!

giving a Hamiltonian

H5H02hS (
i Psurface 1

Si
z2 (

i Psurface D
Si

zD . ~6!

A film thickness D512 and surface field strengthh5
20.55 were used throughout to aid comparison with the c
responding Ising and Heisenberg films investigated e
where @1,2,5,6#. The results do not depend significantly o
the value ofh, andD512 corresponds to the crossover r
gime between wall and bulk dominated behavior for th
Ising films @2#. In thinner films it is difficult to distinguish
between ‘‘interface’’ and ‘‘bulk’’ phases in the film, since a
layers of the film feel the effect of the competing surfa
fields rather strongly. For thicker films the surfaces of t
film only interact close to the bulk critical point.

Results are reported for lattices of sizeL532. A number
of additional simulations were performed forL564 and 128,
but no significant differences were found from the resu
presented here for non-critical values of the parameters.
Metropolis algorithm @21# was used in the Monte Carlo
simulations with trial configurations generated from Bark
Watts @22# spin rotations. The magnitude of the maximu
spin rotation was adjusted to ensure approximately 50%
trial configurations were rejected in the bulk equilibriu
state.

The ‘‘magnetic’’ order of the film is characterized byz
component of the magnetization for the film,

Mz5
1

D (
n51

D

Mn
z , ~7!

where thez component of the magnetization for thenth layer
of the film:

Mn
z5

1

L2 ( Si
z . ~8!
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PRE 61 513SURFACE-INDUCED ORDERING IN THIN UNIAXIAL . . .
In addition to the ‘‘magnetic’’ orderMz , in studying this
model, it is also necessary to consider the ‘‘nematic’’ ord
resulting from the biquadratic exchange term in the Ham
tonian. In common with studies of the nematic-isotrop
phase transition in liquid crystals, the orientational order
rameter for the film is

P25
1

D (
n51

D

P2n , ~9!

where the orientational order parameter for thenth layer of
the film is

P2n5
1

L2 ( P2~Si• ẑ!, ~10!

andP2(Si• ẑ) is the second Legendre polynomial. The pre
ence of the unit vectorẑ in Eq. ~10! indicates that the directo
is assumed to be in a time-independent alignment along tz
axis. One effect of the applied surface fields is to suppr
fluctuations in the orientation of the director, which is th
fixed in thez direction perpendicular to the plane of the film
Equilibrium averages of the order parameters were typic
taken over 23105 Monte Carlo steps per spin~MCS/spin!
with initial transients ignored.

III. INTERFACE LOCALIZATION
AND THE BIQUADRATIC EXCHANGE INTERACTION

For thin ferromagnetic Ising films with competing surfa
fields, an interface localization transition is observed tha
absent in the corresponding isotropic Heisenberg mode
the bilinear exchange interaction in the Heisenberg mode
made anisotropic, then the interface localization transitio
recovered for sufficiently strong anisotropies. Here
changes in the phase behavior of the thin film resulting fr
the introduction of a biquadratic exchange interaction
investigated.

First we focus on a system with a bilinear exchange
isotropy of L50.1. For«50, this system corresponds to
thin ferromagnetic Heisenberg film with weak exchange
isotropy whose phase behavior is like that observed for
isotropic Heisenberg system. The orientational order par
eter,^P2&, and thez component of the mean magnetizatio
per spin,̂ Mz&, for the film are shown in Fig. 1 as a functio
of the strength of the biquadratic exchange interaction
0.1,«,1 at reduced temperatures ofT* 5kBT/J51.0 and
1.5. In all cases the initial spin configuration was a ferrom
netically ordered state withSi

z511 for all i. At the lower
temperature ofT* 51.0, both ^P2& and ^Mz& are smooth
monotonic increasing functions of«, and nonzero for all«.
This is as expected, since even at«50 the film displays a
well-developed ferromagnetic order in thez direction atT*
51.0. The degree of order of the spins is enhanced a«
increases. However, at the higher temperatureT* 51.5, for
small« the film is in a paramagnetic state with no sponta
ous directional ordering of the spins and^Mz&50. But there
is a sharp increase in̂Mz& for «.0.3, indicating the onset o
ferromagnetic order. The paramagnetic-ferromagnetic ph
transition in the film is characterized by a critical value of t
biquadratic coupling constant«c50.3260.01 for T* 51.5.
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However atT* 51.5, in marked contrast to the« dependence
of ^Mz&, ^P2& is seen to be a smoothly increasing function
« with ^P2&.0 for all «. Thus while the qualitative form of
the « dependence of̂P2& is the same at both temperature
the« dependence of̂Mz& is qualitatively different. Note that
a temperature ofT* 51.5 is above a critical temperatureTc ,
characterizing the interface localization transition in a th
ferromagnetic Heisenberg film with an exchange anisotro
L50.1 @6#. No spontaneous magnetization of the film is o
served forT.Tc . However, a small nonzero value of« is
sufficient to give rise to spontaneous ferromagnetic order
with ^Mz&.0 even thoughT.Tc for the Heisenberg film in
which «50. Thus the addition of a biquadratic exchan
interaction clearly plays an important role in controlling th
order-disorder characteristics of the system.

Next the dependence of the phase behavior on the bilin
exchange anisotropyL is investigated for 0<L<1. Over
this range ofL, in the thin film geometry under investigatio
here withD512 andh520.55, the characteristic phase b
havior of the anisotropic Heisenberg ferromagnetic film w
«50 has been shown@6# to change from Heisenberg-like t
Ising-like. Figure 2 shows results for the film order para
eters^P2& and ^Mz& as a function of the ferromagnetic ex
change anisotropyL for two cases:~i! T* 51.0 and«50.1
and~ii ! T* 51.5 and«50.3. It can immediately be seen th
the qualitative dependence of^P2& and ^Mz& on the control
variable is similar to that seen in Fig. 1. However, the figu
shows that̂ Mz&50 when the model has an isotropic e
change interactionL50. In this case the bilinear compone
of the model Hamiltonian reduces that of a classical isotro
Heisenberg model, and ordered spin states are quickly
stroyed at finite temperature. Increasing the value ofL leads
to spontaneous spin alignment along thez axis and ferromag-
netic order. In contrast, the orientational order parame
^P2&, is a smoothly increasing function ofL with ^P2&.0
for all L. It is notable that forT* 51.0, there is a sharp
decrease in̂ Mz& toward zero forL,0.1. While at the

FIG. 1. The orientational order parameter^P2& ~open symbols!
and z component of the magnetization per spin^Mz& ~solid sym-
bols! for different values« with L50.1 at temperatures ofT*
51.0 and 1.5.
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514 PRE 61HYUNBUM JANG AND MALCOLM J. GRIMSON
higher temperature ofT* 51.5, the decrease in̂Mz& toward
zero with decreasingL occurs at much higher values ofL,
and is spread over a much larger range ofL values than for
T* 51.0.

IV. STRUCTURE WITHIN THE FILM

A greater insight into the phase behavior of the film se
above is obtained from the information contained in the la
order parameters across the film. The layer orientational
der parameter̂ P2n& across the film for temperatureT*
51.5 and biquadratic exchange anisotropyL50.1 is shown
in Fig. 3~a! for a set of values of the biquadratic interactio
strength« in the range 0.2,«,1. The corresponding result
for the film orientational order parameter^P2& are contained
in Fig. 1. For«50.2 and 0.3, the profiles of^P2n& across the
film are symmetric about the center of the film, and the mi
mum value of̂ P2n& is located at the center of the film. Th
indicates that there is an enhanced ordering of the spins
the surface due to the applied surface fields. An isotro
state is observed in the bulk of the film. However, for«
50.4, the location of the minimum value in̂P2n& is dis-
placed from the center of the film toward the surface, an
located in the surface layer for«.0.4. Moreover, in the bulk
of the film the spins order spontaneously and as a co
quence^P2n& within the bulk increases with increasing«.
For «.0.4, ^P2n& in the surface layers is less than the bu
value. This is a result of the competition between order
tendencies of the applied surface fields and the disorde
the surface layers introduced by the free boundary condit
on the film. For«.0.4 the surface field strength is insuffi
cient to suppress the enhanced fluctuations in the spin o
tation in the surface layers where the number of nea
neighbors are smaller. Thus, for larger«, «.0.4, the spin
ordering within the film occurs principally within the bulk o
the film. However, for«,0.4, the isotropic phase is ob
served in the bulk of the film, and this produces a low va

FIG. 2. The orientational order parameter^P2& ~open symbols!
and z component of the magnetization per spin^Mz& ~solid sym-
bols! for different valuesL at a temperature ofT* 51.0 with «
50.1 and at a temperatureT* 51.5 with «50.3.
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of ^P2n& in middle of the film. Ordering of the film is then
principally found at the surfaces.

The qualitative difference in film behavior between t
results for«,0.4 and«.0.4 can be observed immediate
in the magnetization profiles across the film,^Mn

z&, pre-
sented in Fig. 3~b!. The figure shows the surface fields lo
cally constrain the spins to align in a negative direction n
one surface and in a positive direction near the other surf
In the bulk of the film, the mean spin orientation of the laye
varies smoothly from one surface to the other. For«50.2
and 0.3, the interface between regions of negative and p
tive magnetization is not localized, and the point of ze
magnetization is located at the center of the film. Howev
for «50.4, the interface is shifted toward the surface a
disappears into the film surface with increasing«. Note that
the minimum values of̂ P2n& for each« are located in the

FIG. 3. ~a! The layer orientational order parameter across
film ^P2n&, and~b! the layer magnetization across the film^Mn

z& for
different values of« with L50.1 at a temperatureT* 51.5. All
results were obtained from an initial spin state ofSi

z511 for all i,
competing surface fields withh520.55 and a film thickness o
D512.
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PRE 61 515SURFACE-INDUCED ORDERING IN THIN UNIAXIAL . . .
same layer as the point of zero magnetization in the^Mn
z&

profiles. For smaller« the spins in the center of the film ar
in an isotropic state, and the interface between regions
negative and positive magnetization is not localized. Ho
ever, for larger« nematic ordering occurs in the bulk of th
film and promotes ferromagnetic order there, leading t
localization of the interface between regions of negative
positive magnetization at or near the surface of the film.

The bilinear exchange anisotropyL can play a similar
role in controlling the existence and location of an interfa
localization transition in the film. The layer orientational o
der parameter profilêP2n& and layer magnetization profil
^Mn

z& across the film at a temperatureT* 51.5 with«50.3 is
shown in Fig. 4 for different values ofL in the range 0.1
,L,1. ForL50.1 neither nematic nor ferromagnetic ord
is observed in the system. Both the minimum value of^P2n&

FIG. 4. ~a! The layer orientational order parameter across
film ^P2n&, and~b! the layer magnetization across the film^Mn

z& for
different values ofL with «50.3 at a temperatureT* 51.5. All
results were obtained from an initial spin state ofSi

z511 for all i,
competing surface fields withh520.55 and a film thickness o
D512.
of
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e

and the interface between regions of negative and pos
magnetization are located at the center of the film. Howe
for L.0.1, the interface between regions of negative a
positive magnetization becomes localized, and is shifted
ward the surface together with the minimum in^P2n&.

V. TEMPERATURE DEPENDENCE

The temperature dependence of the order parameter
files ^P2n& and^Mn

z& across the film is shown in Fig. 5 for
biquadratic coupling constant«50.2 and a bilinear exchang
anisotropyL50.1. At high temperaturesT* 51.4 and 1.6,
an isotropic paramagnetic phase is observed in the film,
the system shows no spontaneous orientational ordering.
minimum value of^P2n& and the interface between region
of negative and positive magnetization are both located at

e FIG. 5. ~a! The layer orientational order parameter across
film ^P2n&, and~b! the layer magnetization profiles across the fi
^Mn

z& for different temperatures with«50.2 andL50.1. All results
were obtained from an initial spin state ofSi

z511 for all i, com-
peting surface fields withh520.55 and a film thickness ofD
512.
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516 PRE 61HYUNBUM JANG AND MALCOLM J. GRIMSON
center of the film. However, as the temperature is redu
from T* 51.3 to 1.0, the interface between regions of ne
tive and positive magnetization becomes increasingly lo
ized and is shifted toward the surface, disappearing into
surface at low temperatures. This interface motion across
film is also seen in the location of the minimum in^P2n&.
Large shifts in the location of the interface between regio
of negative and positive magnetization are seen for temp
tures betweenT* 51.3 and 1.4. Mirroring this, a qualitativ
change in the profiles of̂P2n& across the film also occur
between these temperatures. ForT* .1.3 the layer orienta-
tional order parameter in the bulk of the film is small, and t
minimum is located at the center of the film. Thus the pa
magnetic phase of the film is associated with a delocali
interface between regions of positive and negative magn
zation and an absence of orientational order away from
film surfaces. The ferromagnetic behavior of the film is a
sociated with interface localization within the film and th
onset of nematic order in the center of the film.

In a uniaxial liquid crystal film with competing surfac
fields, a sufficiently strong biquadratic interaction betwe
the spins promotes orientational ordering within the fil
This can give rise to interface localization in the film at te
peratures above the critical temperature for the interface
calization transition in the corresponding anisotropic Heis
berg film in which «50. Thus the critical temperatur
characterizing the interface localization transition in
uniaxial liquid crystal film is a function of«, L andD, i.e.,
Tc5Tc(«,L,D). Simulations have been performed to det
mine^P2& and^Mz& as functions of temperature for differen
values of the biquadratic coupling constant« to study the«
dependence ofTc(«,L,D). Figures 6~a! and 6~b! show the
results for one value of the bilinear exchange anisotropyL
50.1. The dependence of the critical temperature onL in
similar models has been studied elsewhere@6#. As expected,
the critical temperatureTc(«,L,D) is a monotonic increas
ing function of« for fixed L andD. There is no spontaneou
magnetic ordering forT.Tc , with ^Mz&50. For T,Tc ,
spontaneous ordering of the film is observed with^Mz&.0.
However, althougĥ Mz& decreases sharply to zero asT*
→Tc* , ^P2& is a much more smoothly decreasing function
increasingT* , and ^P2&.0 even in the high temperatur
phase. This is a direct result of the symmetry of the la
orientational order parameter profile about the center of
film, which ensures a residual nonzero contribution to^P2&
even in the isotropic phase due to field induced order at
surfaces. In contrast, the antisymmetric magnetization pro
of the film in the high temperature phase ensures^Mz&50.

Further information on the nature of the phase transit
in the film can be obtained from the temperature depende
of the fourth-order cumulant of magnetization@2,3,23#:

UL512
^M4&

3^M2&2 . ~11!

For «50.5, Fig. 7 showsUL as a function of temperature fo
three different lattice sizes ofL58, 16, and 32. The charac
teristic shape of the curves in the figure is consistent wit
second-order phase transition@23#. The critical temperature
Tc for the paramagnetic-ferromagnetic phase transition
be estimated from the point of intersection ofUL for differ-
d
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ent values ofL. Unfortunately, a precise estimation ofTc for
the interface localization transition of the film is difficul
Since the points of intersection ofUL are spread over a
small, but significant, temperature range. Similar obser
tions for UL have been reported for interface localizatio
transition in thin Isisng films by Binder and co-workers@2,4#.
From the results of Fig. 7, the critical temperature for«
50.5 andL50.1 is Tc* 51.66060.005, this estimate being
obtained from an average of the intersection points of res
for differentL. The value ofTc obtained fromUL is in good
agreement with the temperature for which^Mz&→0 in Fig.
6~a!. This indicates that the critical temperatures for the ot
values of« can be directly estimated from the temperatu
for which ^Mz&→0 in a plot of ^Mz& vs T* . The determi-
nation of a more precise estimate forTc is beyond the scope
of this paper.

One interesting feature of Fig. 6~a! is that for «55.0,
where the system is dominated by the biquadratic excha

FIG. 6. Temperature dependence of the film orientational or
parameter̂ P2& ~open symbols! and thez component of the magne
tization per spin^Mz& ~solid symbols! for L50.1 with ~a! «
50.5, 2.5, and 5.0 and~b! «52.7, 3.0, and 4.0.
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interaction, there is no longer a single phase transition in
film. The temperature at which magnetic order disappe
differs markedly from the temperature at which orientatio
order disappears. This would suggest that forT* ,3.9 the
film displays a ferromagnetic order, while forT* .5.9 the
system is in a paramagnetic isotropic state. But for
,T* ,5.9 the system displays nematic order without a
magnetic order. Such a polar phase was previously obse
in studies of bulk uniaxial liquid crystals by Biscariniet al.
@15,16#. However, for«<2.5 there is only a single phas
transition. Systems with a pair of phase transitions and in
mediate polar phase only appear for«.2.5. Further results
of ^P2& and^Mz& as a function of temperature are shown
Fig. 6~b! for three different values of« in the range 2.5,«
,5.0. For«52.7, the two separate magnetization and ne
atic ordering transitions are distinct, but only with a sm
difference in the critical temperatures associated with the
transitions of DTc'0.1. As « increases further,DTc in-
creases smoothly withDTc'0.3 for «53.0, DTc'1.0 for
«54.0, andDTc'2.0 for «55.0.

The parameter values used in Fig. 6~a! were chosen to
provide a direct comparison with the cluster Monte Ca
simulations by Biscariniet al. @15,16# of a bulk uniaxial liq-
uid crystal with the Krieger-James Hamiltonian~1!. Most
remarkably the interface localization temperatures of the fi
found in this work are essentially the same as the bulk c
cal temperatures obtained by Biscariniet al. In thick ferro-
magnetic films, the interface localization transition is coin
dent with the bulk critical temperature of the film. But for th
film sizes used in this work, the anisotropic Heisenberg fi
with «50 show marked differences between the interfa
localization temperatures and the bulk critical temperatu
for all L. Similar observations have also been made for t
Ising films of this size@2#. Unfortunately, it is not possible to
tell whether a reduction in film thickness for the uniax
liquid crystal film would lead to a significant difference b
tween the interface localization and bulk critical tempe
tures, since for thinner films the identification of surface a

FIG. 7. Fourth-order cumulant of magnetizationUL vs tempera-
ture for three different lattice sizes ofL58, 16, and 32, with«
50.5 andL50.1.
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bulk regions of the film becomes problematic. Clearly as«
→0, one would expect the interface localization temperat
in a uniaxial liquid crystal film to differ from the bulk critica
temperature. However a full investigation of the« depen-
dence of the interface localization temperature film and b
critical temperature in the«→0 limit is beyond the scope o
this work.

Further information on the phase transition in the film c
be obtained from the temperature dependence of the spe
heat Cn5(]U/]T)V where U is the energy of the system
The excess specific heatCn* 5(Cn2Cn

id)/kB , whereCn
id is

the specific heat of an ideal gas, is obtained from the fl
tuation of the energy throughout the course of the simulat
@24#. Figures 8~a! and 8~b! showCn* (T) for the same system
parameters as in Figs. 6~a! and 6~b!, respectively. The figure
shows a single peak inCv* centered onT* 51.6 for «50.5,
on T* 53.0 for«52.5, and onT* 53.1 for«52.7. The peak
is more pronounced for large values of«. However, for«

FIG. 8. Temperature dependence of the reduced heat cap
Cn* for L50.1 with ~a! «50.5, 2.5, and 5.0 and~b! «52.7, 3.0, and
4.0.
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518 PRE 61HYUNBUM JANG AND MALCOLM J. GRIMSON
54.0 and 5.0 the specific heat as a function of tempera
shows two distinct peaks. The sharper peak is centered
the higher temperature polar-isotropic phase transition of
film. But a broad, less distinct peak is also found for te
peratures around the nematic-polar transition. For«53.0 a
shoulder on the lowT* side of the peak inCn* (T* ) is the
result of a superposition of peaks associated with sepa
magnetic and nematic ordering transitions with only a sm
difference in their transition temperatures.

Thus the temperature dependence of the specific heat
rors the behavior observed in the temperature dependen
the order parameters. That is, the interface localization t
sition for the uniaxial liquid crystal film splits into separa
magnetic and nematic ordering transitions for sufficien
large values of«. For the system under investigation he
the separation of the magnetic and nematic transitions oc
for «.2.5, with the temperature difference between the t
transitions smoothly increasing with«.

VI. CONCLUSION

We have studied the phase behavior of thin uniaxial liq
crystal films with competing surface fields. In the mod
ev
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Hamiltonian, the Lebwohl-Lasher model has been used
account for the biquadratic spin-spin interactions, and
anisotropic Heisenberg model has been used for the bilin
exchange interaction. The coupling constant« and the ferro-
magnetic exchange anisotropyL in the Hamiltonian are
clearly seen to be important factors in controlling the pha
behavior of the film. This work shows that the role of the
factors is to control the orientational fluctuations of the sp
within the film. Larger values of both« andL tend to sup-
press orientation fluctuations of the spins about thez direc-
tion picked out by the film geometry and competing surfa
fields. This then tends to increase the interface localiza
transition temperature of the film. Remarkably for films wi
non-negligible biquadratic exchange interactions, the criti
temperatures for the phase transitions within the film
found to be consistent with the bulk critical temperatur
This is in marked contrast to the anisotropic Heisenberg
romagnet («50), where for allL there is a significant dif-
ference between the bulk critical temperature and the crit
temperature for the interface localization transition in film
of the size studied here.
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